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Abstract. Let G be an unmixed bipartite graph of dimension d—1. Assume 
that Kn^n, with n > 2, is a maximal complete bipartite subgraph of G of 
minimum dimension. Then G is Cohen-Macaulay in codimension d — n + I. 
This generalizes a characterization of Cohen-Macaulay bipartite graphs by 
Herzog and Hibi and a result of Cook and Nagel on unmixed Buchsbaum 
graphs. Furthermore, we show that any unmixed bipartite graph G which is 
Cohen-Macaulay in codimension t, is obtained from a Cohen-Macaulay graph 
by replacing certain edges of G with complete bipartite graphs. We provide 
some examples. 



1. Introduction 

Cohen-Macaulay simplicial complexes are among central research topics in combi- 
natorial commutative algebra. While characterization of such complexes is a far 
reaching problem, one appeals to study specific families of Cohen-Macaulay sim- 
plicial complexes. Flag complexes are among important families of complexes rec- 
ommended to study '10', page 100]. However, it is known that a simplicial complex 
is Cohen-Macaulay if and only if its barycentric subdivision is a Cohen-Macaulay 
fiag complex. Therefore, a characterization of Cohen-Macaulay fiag complexes is 
equivalent to a characterization of Cohen-Macaulay simplicial complexes. Never- 
theless, after all, the ideal of a fiag complex is generated by quadratic square-free 
monomials, which are simpler compared with arbitrary square-free monomial ideals. 
Furthermore, it seems that, expressing many combinatorial properties in terms of 
graphs are more convenient. As some evidences, the characterization of unmixed 
bipartite graphs by Villarreal [H] and Cohen-Macaulay bipartite graphs by Herzog 
and Hibi [F are well expressed in terms of graphs. 

On the other hand, in the hierarchy of families of graphs with respect to Cohen- 
Macaulay property, Buchsbaum complexes appear right after Cohen-Macaulay ones. 
Unmixed bipartite Buchsbaum graphs were characterized by Cook and Nagel [1] 
(also by the authors [3 ). Natural families of graphs in this hierarchy are bipartite 
CM f graphs, i.e., graphs that their independence complexes are pure and Cohen- 
Macaulay in codimension t. The concept of CM t simplicial complexes were intro- 
duced in PI which is the pure version of simplicial complexes Cohen-Macaulay in 
codimension t studied by Miller, Novik and Swartz [6 . In this note, we give char- 
acterizations of unmixed bipartite CM t graphs in terms of its dimension and the 
minimum dimension of its maximal nontrivial complete bipartite subgraphs. Cook 
and Nagel showed that the only non-Cohen-Macaulay unmixed bipartite graphs are 
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complete bipartite graphs [TJ Theorem 4.10] and yj] Theorem 1.3]. Our resuhs are 
generahzations of this fact to unmixed bipartite graphs which are Cohen-Macaulay 
in arbitrary codimension. In the next section we gather necessary definitions and 
known resuhs to be used in the rest of the paper. In Section 3 we improve some 
resuhs on joins of simphcial complexes and disjoint unions of graphs with respect 
to the CM t property. Section 4 is devoted to two characterizations of bipartite 
CM t graphs and some examples. 

2. Preliminaries 

For basic definitions and general facts on simphcial complexes we refer to the 
book of Stanley 10 . By a complex we will always mean a simphcial complex. Let 
G — (V, E) be a simple graph with vertex set V and edge set E. The inclusive 
neighborhood of w G ^ is the set N[v] consisting of v and vertices adjacent to v in 
G. The independence complex of G = (V, E) is the complex Ind(G) with vertex set 
V and with faces consisting of independent sets of vertices of G, i.e., sets of vertices 
of G where no two elements of them are adjacent. These complexes are called flag 
complexes, and their Stanley-Reisner ideal is generated by quadratic square-free 
monomials. By dimension of a graph G we mean the dimension of the complex 
Ind(G). A graph G is said to be unmixed if Ind(G) is pure. 

For an integer t > 0, a. complex A is called CMt if it is pure and for every face 
F e A with > t, \mkA{F) is Cohen-Macaulay. This is the same as pure com- 

plexes which are Cohen-Macaulay in codimension t. Accordingly, CM o and CM i 
complexes are precisely Cohen-Macaulay and Buchsbaum complexes, respectively. 
Clearly, a CM t complex is CM r for all r > t and a complex of dimension c? — 1 is 
always CM^-i. One uses the convention that for t < 0, CMt would mean CMq. A 
graph G is called CMt if Ind(G) is CMt. A basic tool for checking CMt property 
of complexes is the following lemma. 

Lemma 2.1. (A, Lemma 2. 3] J Let t > I and let A be a nonempty complex. Then 
the following are equivalent: 

(i) A is a CMt complex. 

(ii) A is pure and link/^{v) is CMt_i for every vertex u G A. 

By the straightforward identity linkind(G)(^) — Ind(G \ ^^[1"]), the counter-part 
of this lemma for graphs would be the following: 

Lemma 2.2. Let t >\ and let G be a graph. Then the following are equivalent: 

(i) G is a CMt graph. 

(ii) G is unmixed and G \ N[v\ is a CMt-i graph for every vertex w G G. 

We recall some basic relevant facts on bipartite graphs. A graph G — {V, E) is 
called bipartite if F is a disjoint union of a partition Vi and V2 and E dVi x V2 . 
If #(Vi) = m and #(V2) = n and E — Vi V2, then G is the complete bipartite 
graph Km,n- We will be interested in unmixed complete bipartite graphs -fC„,„. 

Unmixed bipartite graphs are characterized by Villarreal in the following result. 

Theorem 2.3. (ll) Theorem 1.1] Let G be a bipartite graph without isolated vertex. 
Then G is unmixed if and only if there is a partition Vi = {xi, • • ■ , Xn} and V2 = 
{yi, ■ ■ ■ ,yn} of vertices of G such that 
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(1) XiUi is an edge in G for 1 < i < n and 

(2) If Xiijj and Xji/k are edges in G, for some distinct i, j and k, then xiyk is 
an edge in G. 

In this case, such a partition and ordering is called a pure order of G. The edges 
XiUi, i = 1, • ■ ' 7^ si'G called a perfect matching edges of G. A pure order is said 
to have a cross if, for some i =/= j, Xii/j and XjUi are both edges in G. Otherwise, 
the order is called cross-free (see pQ § 4]). For unmixed bipartite graphs, being 
cross-free is independent of an ordering of vertices of G. More precisely, if G has a 
cross in some pure ordering, it has a cross in every pure ordering [1] Lemma 4.5]. 

An immediate consequence of Theorem 12.31 is the following useful lemma. 

Lemma 2.4. Let G be an unmixed bipartite graph with pure order of vertices 
{{xi, ■ • ■ , Xd}, {yi, ■ ■ • , Vd}) o,nd let Kn.n be a complete bipartite subgraph of G on 

(i) If XjHii^ is an edge in G for some j and k, then Xji/i^ is an edge in G for 
all I — 1, ■ ■ ■ , n. 

(ii) If Xii^yj is an edge in G for some k and j, then Xi^yj is an edge in G for 
all I = 1, ■ ■ ■ , n. 

Proof. The assertion (i) is immediate by Theorem 12.31 because Xi^y^ is an edge 

in Kn.n C G for all ^ = 1, • • • ,n. Also {ii) follows because Xi^yi^, is an edge in 

Kn.n C G for alH = 1, • • • , n. □ 

There are also at least two nice characterization of Cohen-Macaulay bipartite 
graphs. 

Theorem 2.5. 5, Theorem 3.4] Let G be a bipartite graph without isolated vertices. 
Then G is Cohen-Macaulay if and only if there is a pure ordering Vi = {xi, ■ ■ ■ , Xn} 
and V2 — {j/i, ■ • • , j/n} of vertices of G such that Xiyj being in G implies i < j . 

The ordering in Theorem l2.5l is called a Macaulay order of vertices of G. 

Proposition 2.6. [1, Proposition 4.8] Let G be a bipartite graph. Then G is 
Cohen-Macaulay if and only if G has a cross-free pure order. 

Bipartite Buchsbaum graphs are also classified. First recall that a complex is 
Buchsbaum if and only if it is pure and the link of each vertex is Cohen-Macaulay [S] . 
Thus, a graph is Buchsbaum if and only if G is unmixed and for each vertex v € G, 
G\N[v] is Cohen-Macaulay. For bipartite graphs there is a sharper result. Complete 
bipartite graphs are well-known to be Buchsbaum (e.g., see [TH Proposition 2.3]). 
But indeed, the converse is also true. 

Theorem 2.7. (see 1, Theorem 4.10] or [3, Theoreml.3]J Let G be a bipartite 
graph. Then G is Buchsbaum if and only if G is a complete bipartite graph Kn^n 
for some n > 2, or G is Cohen-Macaulay. 

3. Joins of CMt complexes and disjoint unions of CMt graphs 

It is known that the join of two complexes is Cohen-Macaulay if and only if they 
are both Cohen-Macaulay (see [8] and [2]). If A is a CM^ complex of dimension 
d — 1 and A' is a CM^' complex of dimension d' — 1, then their join A * A' is a 
CMt complex where t = max{d -I- d' -\- r} [U Proposition 2.10]. However, if one 



4 



HASSAN HAGHIGHI, SIAMAK YASSEML AND RAHIM ZAARE NAHANDI 



of the complexes is Cohen-Macaulay, this result could be strengthened. Below we 
combine this with relevant known results. 

Theorem 3.1. Let A and A' he two complexes of dimensions d — 1 and d' — 1, 

respectively. Then 

(i) The join complex A * A' is Cohen-Macaulay if and only if both A and A' 
are so. 

(ii) //A is Cohen-Macaulay and A' is CM^' for some r' >1, then A * A' is 
CMd+r' (independent of d' ). This is sharp, i.e., if A' is not CMr'-i, then 
A * A' is not CM d+r'-i- In particular, a cone on A' is CMj-'+i. 

(iii) //A is CMr and A' is CMr' for some r,r' > 1, then A * A' is CMt where 
t = max{(i + r',d' + r}. Conversely, if A * A' is CMt, then A is CMt-d' 
and A' is CMt-d- 

Proof. The statement in (i) is proved by Sava [8_ and Froberg [2]. The assertion 
{iii) is proved in [3J Theorem 2.10]. We prove {ii) using induction on d + r' > 2. 
Let d -\- r' — 2, i.e., d = 1 and r' = 1. Then A = {v} is a singleton. Thus 
linkA*A'(i') — A', which is CMi. For v e A', linkA*A'(w) = A * linkA'('u), 
which is Cohen-Macaulay by (z). Thus by Lemma [2.11 A * A' is CM 2. Now let 
d + r' > 2. Let V € A. Then, linkA*A'('u) = linkA('y) * A'. But linkA(w) is 
Cohen-Macaulay of dimension less than d ~ 1, and A' is CM,.'. Thus by induction 
hypothesis link A*A'(w) is CMd-i+r'- If w G A', then link a*A'(^) = A' *HnkA'(w). 
But linkA'(^) is CM^'-i and hence link a*A'(''^) is again CM^+r'-i- Therefore, 
A * A' is CM d+r'- To prove that this result is sharp, proceed by induction on 
d > 1. Indeed, in this case, for any ?; e A, link a (i') has dimension less than d — 1 
and hence by induction hypothesis, linkA*A'(^) — linkA(w) * A is not CM d+r'-2- 
Therefore, A * A' is not CM d+r'-i □ 

Let G U G' denote the disjoint union of graphs G and G' . By the fact that 
Ind(G U G") = Ind(G)H<Ind(G"), the counter-part of Theorem 13. II for graphs will be 
the following. 

Theorem 3.2. Let G and G' be two graphs on disjoint sets of vertices and of 
dimensions d — 1 and d' ~ 1, respectively. Then 

(i) The graph G U G' is Cohen-Macaulay if and only if both G and G' are so. 

(ii) If G is Cohen-Macaulay and G' is CMr' for some r' > 1, then G U G' is 
CM d+r'- IfG' is not CMr'-i, then GUG' is not CMd+r'-i- 

(iii) IfG is CMr and G' is CMr' for some r,r' > 1, thenGUG' is CMt where 
t = max{d -\- r' , d' -\- r} . Conversely, if GUG' is CMt, then G is CMt-d' 
and G' is CMt-d- 

4. Two CHARACTERIZATIONS OF BIPARTITE CM t GRAPHS 

We now restrict to the case of bipartite graphs. Since Cohen-Macaulay bipar- 
tite graphs are characterized by Herzog and Hibi [3 Theorem 3.4], and also in 
a different version by Cook and Nagel [TJ Proposition 4.8], we consider the non- 
Cohen-Macaulay case. 

Theorem 4.1. Let G be an unmixed bipartite graph of dimensions d—1. Let Kn^n, 
with n > 2, be a maximal complete bipartite subgraph of G of minimum dimension. 
Then G is CM d-n+i but it is not CMd-n- 
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Proof. We prove both assertions by induction on > 2. If rf = 2 then G ~ K2,2 
which is CM i but it is not Cohcn-Macaulay. Assume that d > 2. We show that 
for every v ^ G, G \ N[v] is CM„_rf and for some € G it is not CMn-d-i- 
Let ({xi, ■ • ■ , Xd}, {yi, ■ • • , yd}) be a pure order of G. Let Xi be a vertex of some 
maximal bipartite subgraph Km,m with m > n. Then G\N[xi] is a disjoint union of 
c > m — 1 isolated vertices and an unmixed bipartite graph H of dimension c? — c — 2. 
The graph H is unmixed because Ind(G' \ [xi]) = linka;.(Ind(G)), and any link of 
a pure complex is pure. But G \ N[xi] = {xjj^ , • • • , Xi^} U H is unmixed if and only 
if is so. Observe that if yj^ is a vertex of a maximal bipartite subgraph of G and 
yj„ G iV[a::i], then by Lemma [2.41 all yj vertices of this subgraph belong to A[a:i]. 
Thus if H has no crosses, by Proposition 12.61 it is Cohen-Macaulay. Otherwise, 
the minimum dimension of maximal complete bipartite subgraphs of H will not be 
less than the minimum dimension of such subgraphs in G. Hence by the induction 
hypothesis H is CM d-c-ji and by Theorem 13. 2r ii). G \ N[xi] is CM n^d- If Xi does 
not belong to any maximal bipartite subgraph of G of positive dimension, then 
G \ N[xi] is a disjoint union of c > isolated vertices and an unmixed bipartite 
graph H of dimension d — c — 2. Hence H is CM d-c-n and by Theorem I3.2r ii). 
G\ N[xi] is CM d-n- A similar argument reveals that for any yi G G, the graph 
G\N[yi] is CM d~n- Therefore, by Lemma l^T^ G is CM d-n+i- We now proceed the 
induction step to show that this result is sharp. Let d > 2 and let ATn.n, n > 2, he a 
maximal bipartite subgraph of G of minimum dimension. Take xi G G\ Ar„^„. First 
assume that Xi is not adjacent to any vertex in Kn^n and consider G \ A'^[xi]. Let 
G \ A[a::i] be the disjoint union of c > isolated vertices and an unmixed bipartite 
graph H of dimension d — c — 2. Then H contains Ar„,„ and hence by induction 
hypothesis H is sharp CM d-c-n and G\N[xi] is sharp CM d-n- Therefore, G can 
not be CM d-n- Now assume that Xiyj G G for some j with yj G Kn.n- Then by 
purity of the order, all yk G Kn,n is adjacent to Xi. But then yi is not adjacent 
to any vertex of Kn.n, because otherwise, Kn^n will not be maximal. In this case, 
consider G \ N[yi] and proceed similar to the previous case. □ 

As a second characterization of bipartite CMt graphs, we show that any CMj 
graph is obtained from a Cohen-Macaulay graph H by replacing the perfect match- 
ing edges of H by complete bipartite graphs. This statement will be more precise 
in the next theorem. But first we provide a definition and a lemma. 

Definition 4.2. Let H be an unmixed bipartite graph with pure order 

{{xi,--- ,xr},{yi,--- ,yr})- 

For a fixed i, by replacing the edge Xiyt G H with a complete bipartite graph 

Km.ni — {-^zl 1 ■ ' ■ ; -^ini } ^ {y^l 1 ' ■ ' 1 yini } 

we mean a bipartite graph H' with vertex set 

({^l)"'" T ^i—l T ^il , ' ' ' : ^ini T T ' ' ' i -^r } ; {^1 ; * ' * i l/i— 1 1 l/il ; * ' * , yini : Vi+l t ' ' ' ^yr}\ 

preserving all adjacencies, i.e., 

(i) Xsyt G H' for all s,t ^ i if and only if xtys G H, 

(ii) Xii_yj G H' for all k if and only if Xiyj G H , 

(iii) Xjyif. G H' for all k if and only if xjyi G H . 
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Lemma 4.3. Let G be an unmixed bipartite graph with pure order on the vertex 
set V{G) =VUW where V — {xi, • • • , Xd} and W — {yi, • • • , yd\. Let ni, • • • , 
be any positive integers. Let G' = G{ni,--- ,nd) be the graph obtained by replac- 
ing each edge xiyi with the complete bipartite graph K^.m = {xn,--- ,Xi„;} x 
{yni ■ ■ ■ : J/irii } for all i — 1, . . . , d. Then G' is also unmixed. 

Proof. Let Km^i, = {xn, ■■■ , Xi„^ } x {yn, • • • , yi„. }. Then 

V{G') = ({a;ii,--- ,a:i„i,-- - ,Xdi,--- , a^rfn^}, {2/11, • • • ,2/ini,-- - - ^VdnJ) 

is a pure order of G". In fact, for all i,r, Xiryir £ G' . Also if Xiryjs G G' and 
Xjsykt S G' , then Xiyj e G and xjyt S G, and hence, Xiyk S G. Thus by the 
construction of G', Xirykt G G'. □ 

Theorem 4.4. Lei G be a Cohen- Macaulay bipartite graph with a Macaulay order 
on the vertex set V{G) = V where V — {xi, • • • , xa] and W — {yi, • • • , yd}- 
Let ni, - ■ ■ ,nd be any positive integers with Ui > 2 for at list one i. Let G' — 
G{ni, ■ ■ ■ ,nd) be the graph obtained by replacing each edge xiyi with the complete 
bipartite graph Kn-^m for alii = 1, . . . , d. Let = min{nj > I : i = 1, ■ ■ ■ , d} , n — 
SiLi'^i- Then G' is exclusively a GM„_„.^_|_i graph. Furthermore, any bipartite 
CMt graph is obtained by such a replacement of complete bipartite graphs in a 
unique bipartite Cohen- Macaulay graph. 

Proof. The first claim follows by Lemma 14.31 and Theorem 14.11 We settle the 
second claim. Let G be a bipartite CM t graph with a pure order of vertices. Let 
Kni.ni,''' jKn^^na be the maximal bipartite subgraphs of G, where > 1 for 
all i. Observe that, by maximality, these complete subgraphs of G are disjoint. 
Choose one edge xnyn from each subgraph Kn-^m for all i = 1, • • • , d. Let H be 
the induced subgraph of G on the vertex set {{xn, ■ ■ ■ ,Xdi}, {yii, ■ ■ ■ ,ydi\)- By 
Lemma 12. 4| H is independent of the choice of particular edge xnyn from Kn-^m 
and hence H is unique. Since the ordering of vertices of G is a pure order, its 
restriction to H is also pure. Thus, H is an unmixed bipartite graph. But by the 
maximality of the complete bipartite subgraphs Kn-.m, and the construction of H, 
it is cross-free. Therefore, by Proposition [2]6l H is Cohen-Macaulay. Now any edge 
Xiiyn replace in H with Km^m for all i = 1, • • • , d, preserving all other adjacencies. 
Let H' be the resulting graph. Then by the construction, G = H', as required. □ 

Remark 4.5. Let H be a bipartite Cohen-Macaulay graph and let G = H' be 

a bipartite CMt graph obtained from H by the replacing process described above. 
Assume that G is is not CMt-i and t > 2. Using the the results of this section, 
the following observations are immediate. 

First of all, 1 < dimi? < t — 1 . Because if dimH > t and we replace just one 
Kn.n with n > 2, then G is strictly CMr with r > t + 1. On the other hand, if 
dimH = 0, then G is CMi. 

If diuiH — t ^ 1, then only one ifn.n with n > 2 can be replaced. Because 
replacing at least two Kn,n with n > 2, G is strictly CMr with r > t + 1. 

If dimH = t — 1, for replacing just one Kn,n, n is arbitrary and hence G is of 
dimension n + t — 2. 

If dimH <t — 2, the number of replacements should be at least 2. Again because 
if with one replacement of Kn,n, n > 2, G would be CMr with r < t — 1. 

When dim_ff <t — 2, the maximum number of replacements of Kn^n, n>2, is 
at most t — dimH which may occur replacing K2^2 's. 
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For dimH <t — 2, the maximum size of Kn,n to be replaced is also n = t — dimH 
which may occur when we have two replacements. 

Using these remarks we may easily distinguish all bipartite CM < graphs for 
t = 2,3,4. 

Example 4.6. Bipartite CM2 graphs which are not Buchsbaum. Using the notation 
of Remark \4-5\ we have dimH = 1. There are just two non-isomorphic bipartite 
Cohen- Macaulay graphs of dimension one. By replacing process, they produce two 
types of bipartite CM2 graphs which are not Buchsbaum. They are of arbitrary 
dimensions. More precisely, one such graph is the disjoint union of an edge xiyi 
with Kn2,n2 — {2^21, • • • ,X2n2 \ ^ {2/21, ' ' • ,2/2n2}j "2 > 2, and the other one consists 
of the first graph together with the edges Xiy2i for all i — 1, ■ • • ,n2. The second 
graph with n2 = 3 could be depicted in Figure 1. 




Figure 1 

Example 4.7. Bipartite CM 3 graphs which are not CM 2. For these graphs dimH — 
1,2. 

If dimH = 1, by Example \4.6\ there are just two bipartite CM 3 graphs by replac- 
ing two edges of a perfect matching by K2^2 's. In this case, dimG = 3. (see Figure 
2, and Figure 3). 

If dimH = 2, then there are 4 non-isomorphic bipartite Cohen- Macaulay graphs 
of dimension 2. By replacing one perfect matching edge with Kn.n of arbitrary size 
in each Cohen- Macaulay graph, they produce 7 types of bipartite CM 3 graphs which 
are not CM 2. Note that depending on the choice of the edge to be replaced in each 
case, we may get non-isomorphic bipartite graphs. In this case dimG = n + 1. 
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Xll Xi2 X21 X22 




2/11 2/12 2/21 2/22 



Figure 2 



a;ii X12 X21 X22 




2/11 2/12 2/21 2/22 



Figure 3 

Example 4.8. Bipartite CM 4 graphs which are not CM 3. For these graphs dimiJ = 
1,2,3. 

If dimH — I, there are two bipartite CM 4 graphs obtained by replacing two edges 
of a perfect matching by K^^^ 's. In this case, dimG = 5. And, similarly, there are 
two others obtained by replacing one edge with ii'2,2 and another edge with i^3,3. In 
this case, dimG = 5. 

// dimH = 2, then while there are 4 non-isomorphic bipartite Cohen- Macaulay 
graphs of dimension 2, by replacing two perfect matching edges with if2,2 's in each 
Cohen-Macaulay graph, they produce 7 bipartite CM 4 graphs which are not CM 3 . 
They all have dimension 4. 

If dimH = 3, then there are 10 non-isomorphic bipartite Cohen-Macaulay graphs 
of dimension 3. Replacing one perfect matching edge with Kn,n, n > 2, in each 
Cohen-Macaulay graph, they produce 25 bipartite CM 4 graphs which are not CMs ■ 
They all have dimension n + 2. Out of all 36 bipartite CM 4 graphs, 21 graphs are 
connected. 
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